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We investigate correlated insulating states in magic-angle twisted bilayer graphene (TBG) by the
exact diagonalization method applied to the extended Hubbard model with interaction parameters
recently evaluated in the realistic effective model. Our model can handle the competing interactions
among Wannier orbitals owing to their significant overlap, which is a crucial but overlooked aspect
of the magic-angle TBG. We propose two candidates for the correlated insulating states: spin- and
valley-ferromagnetic band insulator and the Dirac semimetallic state for two flavors with peculiar
renormalization, where a flavor denotes a combined degree of freedom with spin and valley. One of
the important consequences for the latter candidate is that it allows van Hove singularity near half-
filling of the whole band structure (i.e. near the Dirac points) to play some role in superconductivity.
The consistency between the two flavor degrees of freedom for the Dirac semimetallic state and the
two-fold degeneracy of the Landau level observed in the experiment is also noteworthy.
A recent study revealed the emergence of unconven-
tional superconductivity in magic-angle twisted bilayer
graphene (TBG) [1]. Because of its unique electronic
structure where the band structure with a very narrow
width hosts the superconductivity near the correlated in-
sulating states at some electron fillings [2], a lot of stud-
ies have been carried out to investigate its non-trivial
electronic structure. However, the nature of the super-
conducting phase [3–16] and the correlated insulating
state [4, 5, 10, 14–22] are under active debate. Many
possibilities of the exotic electronic structures reflect the
fact that TBG can be a playground for various kinds of
rich physics, but it partially comes from a difficulty in
identifying the effective low-energy model used for deal-
ing with strong correlation effects in TBG. This is be-
cause the moire´ pattern in TBG with small twist angles
requires a very large system size, which makes a usual
first-principles electronic structure calculation very diffi-
cult. Very recently, Koshino et al. constructed a realistic
effective model by taking into account hybridization of
the Bloch states in the original graphene and the corru-
gation effect of the stacked layers [23]. They evaluated
not only the hopping amplitudes for the tight-binding
model but also the interaction parameters. Their study
revealed intriguing features of the electronic structure in
magic-angle TBG. For example, the inter-site interac-
tion including the exchange interaction has a comparable
magnitude to that of the on-site interaction due to a sig-
nificant overlap among the Wannier orbitals. This is due
to a three-peaked form of the Wannier orbitals [21, 23, 24]
where these peaks are overlapped with those of other
Wannier orbitals as we shall see in Figs. 1(a)–1(d). As
a result, many-body states at the band filling for the
correlated insulating states (i.e., quarter-filling for the
whole band structure) suffer from unusual degeneracy as
mentioned later. This aspect is of crucial relevance to
the mysterious nature of the correlated insulating state
and the superconducting phases close to it in magic-angle
TBG, while this aspect has not been considered appro-
priately in the previous theoretical studies.
In this Rapid Communication, we investigate the na-
ture of the correlated insulating states in magic-angle
TBG by the exact diagonalization method applied to
the extended Hubbard model with interaction parame-
ters evaluated in the realistic effective model [23]. Here,
the characteristic interaction owing to the three-peaked
structure of the Wannier orbitals is a robust feature of
small-angle TBGs [21, 23, 24] while the band structure
somewhat varies depending on the models [12, 23]. Based
on our analysis that appropriately takes into account
competing interactions as a fundamental aspect of TBG,
we propose two candidates for the correlated insulating
states: spin- and valley-ferromagnetic band insulator and
the Dirac semimetallic state for two flavors with peculiar
renormalization, where a flavor denotes a combined de-
gree of freedom with spin and valley. A significant conse-
quence for the latter possibility is that it allows van Hove
singularity (vHs) to play some role in superconductivity
even when vHs exists near the Dirac points (i.e., half-
filling of the whole band structure) as in the model de-
rived in Ref. [23]. The consistency between the two flavor
degrees of freedom for the Dirac semimetallic state and
the two fold degeneracy of the Landau level observed in
the experiment [1] is also noteworthy as described later.
First, we show a step-by-step simplification of the ef-
fective model derived in Ref. [23]. The Wannier orbitals
of TBG have the three-peaked structure [21, 23, 24] as
presented in Fig. 1(a), where the Wannier orbital is de-
noted by an open circle while a red small solid circle
with −e/3 charge presents a single peak. As shown in
Ref. [23], Wannier orbitals constitute a hexagonal lat-
tice. For example, in Figs. 1(b) and 1(c), each vertex on
a hexagon corresponds to the Wannier orbital, where sin-
gle and double circles in the figure represent one or two
electrons on each site, respectively. Since a single Wan-
nier orbital can be regarded as a set of three−e/3 charges
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FIG. 1: (a) Wannier function with a three-peaked structure.
(b)(c) Two (nearly) degenerate electron configurations where
single and double circles denote one or two electrons on each
vertex, respectively. (d) Direct Coulomb interaction between
the Wannier orbitals. (e) Single hexagon with the definition
of Vi (i = 1, 2, 3) and the electron number ni (i = 1, . . . , 6)
at each vertex. (f) Single hexagon embedded in the uniform
background.
forming a triangle, the centers of the hexagons both in
Figs. 1(b) and 1(c) have −e/3× 6 = −2e charge. One of
the important findings in Ref. [23] is that the intra- and
inter-site direct Coulomb repulsion is very well approx-
imated by the simple point-charge model for the −e/3
charge [25]. Because one cannot distinguish two electron
configurations presented in Figs. 1(b) and 1(c) in terms of
the distribution of −e/3 charges, these two states should
have the (almost) same energy with respect to the intra-
and inter-site direct Coulomb repulsion.
This degeneracy is one of the most important aspects
of the electronic structure in magic-angle TBG. For ex-
ample, it is not true that the Mott-like uniform distri-
bution of electrons at each site presented in Fig. 1(b)
always has a much lower energy than other states, which
is expected by only considering the on-site repulsion at
each site. To keep this degeneracy under the restric-
tion on the reachable system size for exact diagonal-
ization, we limited the direct Coulomb repulsion among
−e/3 fractional charges to the ‘on-site’ one, i.e., the frac-
tional charges feel the ‘on-site’ interaction at the cen-
ter of the hexagon. This assumption corresponds to
V0(= U) : V1 : V2 : V3 = 3 : 2 : 1 : 1 without more distant
interaction as explained in Ref. [23] [cf. Fig. 1(d) where
the definition of Vi (i = 1, 2, 3) is shown in Fig. 1(e)]. Un-
der this approximation, the energy per hexagon shown in
Fig. 1(e) is determined by a sum of the electron numbers
at the six vertices:
∑6
i=1 ni [26], which guarantees the
degeneracy of two states shown in Figs. 1(b) and 1(c).
This approximation is a minimum one to deal with the
complex degeneracy inherent to this system, and we note
that a naive truncation of the interaction terms at some
distance does not keep this degeneracy.
The model solved in this Rapid Communication is pre-
sented in Fig. 1(f), where a single hexagon is surrounded
by six hexagons with a fixed occupation: one electron
per site, which corresponds to the uniform distribution
for quarter-filling. Here, we took the nearest-neighbor
hopping t inside the central hexagon but neglected the
other hopping terms inside the hexagon since they are
sufficiently smaller than t [27]. We also took the inter-
nearest-neighbor-site exchange interaction J1, which was
evaluated to be ∼ −U/5 [23]. This model has two spin
and two valley degrees of freedom, and we shall call these
degrees of freedom flavor (i.e., this model has four fla-
vors). Here, a different valley corresponds to a time-
reversal counterpart of the Wannier functions. We note
that the hopping and exchange terms act only between
the same flavor. On-site Hund’s coupling between differ-
ent valleys is negligible [23]. Our effective Hamiltonian
reads
H = t
6∑
i=1
4∑
α=1
[cˆ†i+1,αcˆi,α +H.c.] +
V0
2
∑
I
∑
α6=β
nˆI,αnˆI,β
+
V1
2
Nearest∑
I1,I2
∑
α,β
nˆI1,αnˆI2,β +
V2
2
NN∑
I1,I2
∑
α,β
nˆI1,αnˆI2,β
+
V3
2
NNN∑
I1,I2
∑
α,β
nˆI1,αnˆI2,β +
J1
2
Nearest∑
i1,i2
∑
α
nˆi1,αnˆi2,α,
(1)
with V0 = U , V1 = 2U/3, V2 = V3 = U/3, and
J1 = −U/5 [28]. The index i runs over six lattice sites
of the central hexagon, and I runs over all the sites in-
cluding the outer hexagons. α and β are flavor indices,
NN and NNN mean next-nearest and next-next-nearest
sites, respectively, and cˆ†7 = cˆ
†
1. As we shall see later, the
six ‘background’ hexagons with the contribution of the
direct Coulomb repulsion are necessary to understand a
fundamental excitation of magic-angle TBG in an intu-
itive manner. In order to consider the competition be-
tween t and J1 as discussed later, we took the J1 terms
only inside the central hexagon in the same manner as
t. We considered the quarter-filled case: six electrons on
six sites in the central hexagon. Since a dimension of the
block (described later) of our Hamiltonian is up to 8,100,
we performed full diagonalization.
Now we move on to the results obtained by our anal-
ysis. Figure 2 presents representative states of the three
lowest energies, obtained by taking t = J1 = 0 as a first
step. E˜ denotes the total energy subtracted with a con-
stant to have E˜ = 0 for the lowest energy here. Red small
filled circles in Fig. 2 denote −e/3 fractional charge while
single and double circles denote one (−e) or two (−2e)
electrons on each vertex, respectively (cf. Fig. 1). While
all the lowest energy states with E˜ = 0 have six frac-
tional charge at the center of each hexagon, the electron
3FIG. 2: Three lowest energies obtained using t = J1 = 0 with
representative configurations. Red small filled circles denote
−e/3 fractional charge while single and double circles denote
one (−e) or two (−2e) electrons on each vertex, respectively
(cf. Fig. 1).
configurations of the excited states can be regarded as
that with additional or reduced fractional charge at some
hexagons as denoted with −e/3 or +e/3 in Fig. 2, respec-
tively. As a result, electron configurations for E˜ = U/3
represent a kind of elementary excitation with a frac-
tional charge [23, 29]. In fact, electron configurations for
E˜ = 2U/3 can be regarded as the states with two ele-
mentary excitations. A pair of two charges with different
signs reminds us of the exciton or the doublon-holon pair.
By including J1 = −U/5, we obtained electron config-
urations shown in Fig. 3. The most stable states consist
of the electrons with a single flavor, where six J1 bonds
are active. The second-lowest states have some flipped
flavors, but four J1 bonds remain to be active. The low-
est and the second-lowest states have the most favorable
electron configurations for the Vi terms: one electron per
site as we have seen in Fig. 2. The third-lowest states
show that the elementary excitation mentioned above re-
mains a good unit to understand the energy spectrum of
this system [30].
Finally, we took all the terms in our Hamiltonian. Fig-
ure 4(a) presents the lowest energies obtained for each
block of Hamiltonian as a function of t/U . Here we de-
fine an index of a block of our Hamiltonian, (nα1 nα2
nα3 nα4), using the electron number nαi for each flavor
FIG. 3: Three lowest energies obtained using t = 0 with rep-
resentative configurations. Arrows with the same direction
denote electrons with the same flavor. The meaning of other
symbols is the same as Fig. 2.
αi [31]. In the left panel of Fig. 4(a), there is no energy
gain by the hopping terms for the (6000) state because
electrons are fully occupied in a single flavor and so can-
not move by the Pauli principle (see the lowest eigenstate
shown in Fig. 3). Therefore, while the (6000) state is the
most stable for t/U = 0 among all the blocks of Hamil-
tonian, other states become more stable by increasing
t/U . For a sufficiently large t/U , an equal distribution for
four flavors is expected to be the most stable to gain the
largest kinetic energy profit, while our small model can-
not represent such an equal distribution, (1.5 1.5 1.5 1.5).
In this sense, competition among some blocks near this
equal distribution, such as (3111), (3210), and (2211),
for t/U > 0.3 can be regarded as a finite-size effect [32].
For such a quarter-filled state for four flavors, (1.5 1.5
1.5 1.5), the system has a chance to become insulating if
the charge-density order appears and the Brillouin zone
is folded with opening a gap [16], but a detailed analysis
on it is beyond the range of our study. For intermediate
t/U , it is rather non-trivial which state is the most stable
under the strong competition. To explore the possible in-
sulating states observed in experiment, it is worth noting
that the (3300) state, one of the competitors, has a pos-
sibility to become an insulator-like state for the following
reason. The (3300) occupation in our model corresponds
to the electronic structure where two flavors are half-
filled. Because t/U ∼ 0.2 where the non-trivial competi-
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FIG. 4: (a) Lowest energies obtained for each block of Hamil-
tonian as a function of t/U . A set of four integers (nα1 nα2
nα3 nα4) denotes a single block consisting of the states with
the electron numbers nαi for each flavor αi. (b) Schematic
picture for three candidates of correlated insulating states
in magic-angle TBG. For the Dirac semimetallic state, a
schematic picture for the renormalized DOS is also shown.
(c)(d) Histogram of the weight of electron configurations for
the lowest eigenstates in the (3300) and (2211) blocks for each
panel using t = U/5.
tion was observed in our model is expected to yield a rel-
atively strong correlation, the corresponding occupation
still has a chance to be the ground state in the real system
nevertheless a detailed band structure is not reproduced
in our small model. In the real TBG, the Fermi level re-
sides at the Dirac points for half-filling where the density
of states (DOS) vanishes. While it is still semimetallic,
it is known that the presence of the long-range Coulomb
interaction owing to the weak screening effect by Dirac
points can anomalously increase the Fermi velocity of the
Dirac cones, and DOS near the Dirac points can be sup-
pressed [33–37]. In addition to this peculiar renormaliza-
tion of Dirac cones, a very sharp vHs close to the Dirac
points in magic-angle TBG [23] can make the system look
like an insulator. For the Dirac semimetallic state for
two flavors, there is another interesting consistency with
the experiments. Namely, the quantum oscillation exper-
iment reported that the Landau level degeneracy near the
quarter-filling is two-fold [1] rather than four-fold as nat-
urally expected from the four flavor degrees of freedom in
this system [38]. This is clearly consistent with the Dirac
semimetallic state for two flavors shown in Fig. 4(b).
These three possibilities for correlated insulating states
in the small, intermediate, and large t/U regimes are
summarized in Fig. 4(b). Also we do not exclude the pos-
sibility of the phase separation of the flavor-ferromagnetic
regions with different flavors since the stability of the
(3300) state can lead to such a phase separation. We
will leave further analysis on the competing nature of
the ground state in larger systems for the future since it
requires high computational cost. If one wants to treat a
larger size while keeping the C3 and AB sublattice sym-
metries, a system with at least 12 sites is required.
While detailed analysis is difficult owing to the finite-
size effect, we mention a few more observations of our
model. Figures 4(c) and 4(d) present a histogram of
the weight of electron configurations for the lowest eigen-
states in the (3300) and (2211) blocks, respectively, using
t = U/5. 〈V˜ 〉 and 〈J〉 denote the expectation values of
the Vi (i = 0, 1, 2, 3) and J1 terms, respectively, where the
constant is subtracted for 〈V˜ 〉 in the same manner as E˜.
The main difference between these two states is that the
(3300) state actually obtains an energy gain by J1 while
it is much weaker in the (2211) state. The gain from J1
also leads to the stabilization of the uniformly distributed
states as shown in the top left in Fig. 2 than the localized
states as shown in the top right in Fig. 2 since the former
has a chance to be stabilized by J1. As a matter of fact,
the (3300) eigenstate with t = U/5 has 〈n¯An¯B〉 = 0.82,
where n¯A = (n1+n3+n5)/3 and n¯B = (n2+n4+n6)/3,
which is closer to the uniform distribution (〈n¯An¯B〉 = 1)
than the localized one (〈n¯An¯B〉 = 0). The competition
between the exchange interaction and the stabilization by
hybridization through hopping terms might be a key to
understand the nature of the correlated states. We stress
once again the reason why these two factors compete:
the exchange interaction favors the flavor-ferromagnetic
band insulator while electrons cannot move there.
As for the superconductivity, an important conse-
quence of our study is that vHs can play some role in
stabilizing superconductivity even when it resides near
the Dirac points. While some studies proposed that vHs
near quarter-filling plays a key role in superconductiv-
ity (e.g. [4, 7, 15]), some realistic calculation results in
vHs very close to the Dirac points [23]. Our proposal for
the correlated state with the half-filled band dispersions
for two flavors enables the Fermi energy to reside near
vHs as shown in Fig. 4(b). Therefore, some scenarios
for superconductivity making use of vHs is justified even
when vHs exists near the Dirac points. Here, vHs can be
involved with superconductivity not only from the view-
point of the electron correlation, but also through en-
hancement of the electron-phonon coupling [11, 12, 15]
by its large DOS. Because the lattice relaxation plays
a crucial role for TBG such as making separated band
dispersion through gap opening [39, 40], the phonon can
5have a sizable effect also on the correlated states.
To summarize, we performed exact diagonalization of
the extended Hubbard model for magic-angle TBG and
proposed two new candidates for the correlated insulating
states: spin- and valley-ferromagnetic band insulator and
the Dirac semimetallic state for two flavors with peculiar
renormalization. For the latter possibility, vHs near the
Dirac points can be involved with superconductivity. The
consistency between the two flavor degrees of freedom for
the Dirac semimetallic state and the two-fold degeneracy
of the Landau level observed in the experiment is also
remarkable. Our study will be an important basis for
studying unusual correlation effects including the super-
conductivity in magic-angle TBG.
MO acknowledges the financial support of JSPS KAK-
ENHI Grant No. JP18K13470. MK is supported by
JSPS KAKENHI Grant No. JP17K05496. KK is sup-
ported by JSPS KAKENHI Grant No. JP18H01860.
[1] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi,
E. Kaxiras, and P. Jarillo-Herrero, Nature (London) 556,
43 (2018).
[2] Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken,
J. Y. Luo, J. D. Sanchez-Yamagishi, K. Watanabe, T.
Taniguchi, E. Kaxiras, R. C. Ashoori, P. Jarillo-Herrero,
Nature (London) 556, 80 (2018).
[3] H. Guo, X. Zhu, S. Feng, and R. T. Scalettar, Phys. Rev.
B 97 235453 (2018).
[4] C.-C. Liu, L.-D. Zhang, W.-Q. Chen, and F. Yang,
arXiv:1804.10009 (2018).
[5] T. Huang, L. Zhang, and T. Ma, arXiv:1804.06096
(2018).
[6] G. Baskaran, arXiv:1804.00627 (2018).
[7] D. M. Kennes, J. Lischner, and C. Karrasch,
arXiv:1805.06310 (2018).
[8] C. Xu and L. Balents, arXiv:1803.08057 (2018).
[9] M. Fidrysiak, M. Zegrodnik, and J. Spa lek,
arXiv:1805.01179 (2018).
[10] B. Roy and V. Juric˘ic´, arXiv:1803.11190 (2018).
[11] T. J. Peltonen, R. Ojaja¨rvi, and T. T. Heikkila¨,
arXiv:1805.01039 (2018).
[12] F. Wu, A. H. MacDonald, and I. Martin,
arXiv:1805.08735 (2018).
[13] S. Ray and T. Das, arXiv:1804.09674 (2018).
[14] J. F. Dodaro, S. A. Kivelson, Y. Schattner, X. Q. Sun,
and C. Wang, arXiv:1804.03162 (2018).
[15] H. Isobe, N. F. Q. Yuan, and L. Fu, arXiv:1805.06449
(2018).
[16] Y.-Z. You and A. Vishwanath, arXiv:1805.06867 (2018).
[17] J. M. Pizarro, M. J. Caldero´n, and E. Bascones,
arXiv:1805.07303 (2018).
[18] V. Yu. Irkhin and Yu. N. Skryabin, JETP Lett. 107, 651
(2018).
[19] B. Padhi, C. Setty, and P. W. Phillips, arXiv:1804.01101
(2018).
[20] X. Y. Xu, K. T. Law, and P. A. Lee, arXiv:1805.00478
(2018).
[21] H. C. Po, L. Zou, A. Vishwanath, and T. Senthil,
arXiv:1803.09742 (2018).
[22] X.-C. Wu, K. A. Pawlak, C.-M. Jian, and C. Xu,
arXiv:1805.06906 (2018).
[23] M. Koshino, N. F. Q. Yuan, T. Koretsune, M. Ochi, K.
Kuroki, and L. Fu, arXiv:1805.06819. (2018).
[24] J. Kang and O. Vafek, arXiv:1805.04918 (2018).
[25] Direct Coulomb interaction between two point charges is
assumed to be proportional to 1/r where r is the distance
between the point charges. When two point charges exist
in the same place, the direct Coulomb energy between
them is evaluated as a finite constant. For detail, see
Ref. [23].
[26] A sum of the V0, V1, V2, V3 contributions per hexagon
is V0(N
2
− N)/6 where N =
∑
6
i=1
ni provided that
V0 : V1 : V2 : V3 = 3 : 2 : 1 : 1. For example, the V0 con-
tribution per hexagon equals (V0/3)
∑
6
i=1
ni(ni − 1)/2,
where the factor 1/3 comes from the fact that each ver-
tex is shared with three neighboring hexagons. The ex-
pression V0(N
2
− N)/6 corresponds to a product of the
number of the pairs of fractional charge −e/3 in this
hexagon and the on-site interaction per fractional-charge
pair, V0/3 [see Fig. 1(d)].
[27] In Ref. [23], the transfer integrals inside the central
hexagon except t are at least nine times smaller than t
(e.g. t4 in Ref. [23]). Although there are distant transfer
integrals with a larger amplitude, which are around three
or four times smaller than t (such as t2 in Ref. [23]), they
cannot be considered in our model within the reachable
small system size for exact diagonalization.
[28] The interaction parameters Vi and J depend on neither
spin nor valley. This is because the Wannier functions
with different spins are completely the same and those
with different valleys are conjugate to each other since
they are time-reversal counterparts (see Ref. [23] for more
details).
[29] Because −e/3 and +e/3 hexagons are not neighboring
for E˜ = U/3 states as shown in Fig. 2, the energy for
this elementary excitation does not change even when one
includes the nearest-neighbor direct Coulomb interaction
between −e/3 charges, while two elementary excitations
existing in E˜ = 2U/3 states can weakly interact in that
case.
[30] We note that the expectation value of the Vi terms is
solely determined by the number of the fractional charge
at the center of each hexagon:
∑
6
i=1
ni in Fig. 1(e)
(cf. [26]).
[31] We note that, because the (6000) block and the (0600)
block etc. are equivalent owing to the equivalency of the
flavors, we do not specify which spin and valley each αi
corresponds to.
[32] The one-electron energies for the kinetic energy terms
without the interaction terms for the hexagonal ring are
−2t, −t with two-fold degeneracy, t with two-fold degen-
eracy, and 2t. Therefore, for example, both the (31) and
(22) filling for two flavors yield the total kinetic energy
−4t when neglecting the interaction terms. Because of
a stronger stabilization in (31) configuration through the
exchange term, apparently equal distribution (22) cannot
be more stable than (31) distribution even with a very
large t/U as an artifact of our six-site model.
[33] D. C. Elias, R. V. Gorbachev, A. S. Mayorov, S. V. Mo-
rozov, A. A. Zhukov, P. Blake, L. A. Ponomarenko, I. V.
Grigorieva, K. S. Novoselov, F. Guinea, and A. K. Geim,
6Nat. Phys. 7, 701 (2011).
[34] A. A. Abrikosov and S. D. Beneslavskii, Sov. Phys. JETP
32, 699 (1971).
[35] J. Gonza´lez, F. Guinea, and M. A. H. Vozmediano, Nucl.
Phys. B 424, 595 (1994).
[36] J. E. Drut and T. A. La¨hde, Phys. Rev. Lett. 102, 026802
(2009).
[37] H. Isobe and N. Nagaosa, J. Phys. Soc. Jpn. 81, 113704
(2012).
[38] A necessity of the symmetry breaking with respect to
the flavor degrees of freedom was pointed out through
the symmetry analysis presented in Ref. [21].
[39] Y. Cao, J. Y. Luo, V. Fatemi, S. Fang, J. D. Sanchez-
Yamagishi, K. Watanabe, T. Taniguchi, E. Kaxiras, and
P. Jarillo-Herrero, Phys. Rev. Lett. 117, 116804 (2016).
[40] N. N. T. Nam and M. Koshino, Phys. Rev. B 96, 075311
(2017).
